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Abstract. In this paper we will introduce a new notion of geometric structures defined
by systems of closed differential forms in term of the Clifford algebra of the direct
sum of the tangent bundle and the cotangent bundle on a manifold. We develop a
unified approach of a deformation problem and establish a criterion of unobstructed
deformations of the structures from a cohomological point of view. We construct the
moduli spaces of the structures by using the action of b-fields and show that the period
map of the moduli space is locally injective under a cohomological condition (the local
Torelli type theorem). We apply our approach to generalized Calabi-Yau (metrical)
structures and obtain an analog of the theorem by Bogomolov-Tian-Todorov. Further
we prove that deformations of generalized Spin(7) structures are unobstructed.
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2 RYUSHI GOTO
§0 Introduction
In a paper [Go], the author introduced a notion of geometric structures defined
by systems of closed differential forms which are based on the action of the gauge
group of the tangent bundle on a manifold. This approach provides a systematic
construction of smooth moduli spaces of Calabi-Yau, hyperKa¨hler, G2 and Spin(7)
structures. In a paper [Hi1] Hitchin presented a generalized geometry, which depend
on a suggestive idea of replacing the tangent bundle by the direct sum of the tangent
bundle T and the cotangent bundle T ∗. The generalized geometry is a current issue
which is rapidly studied in differential geometry and mathematical physics. However
the idea of generalized geometry is perhaps not as widely appreciated as it should
be. A possible reason for this is that the generalized geometry is at present restricted
to rather special cases. In this paper we will develop the idea of the generalized
geometry from a wide view point as in [Go] which is of general nature together with
some new applications. Since there is an indefinite metric on the direct sum T ⊕ T ∗
on a manifold X , then the bundle of the Clifford algebras CL(X) of T ⊕T ∗ naturally
appears and we obtain various fibre bundles of Lie groups such as Spin, Pin and
conformal Pin group Cpin(X) which act on the differential forms on X by the spin
representation. Then we introduce a notion of geometric structures which are defined
by systems of closed differential forms in an orbit of the action of the conformal pin
group. We develop a deformation problem of the structures and establish a criterion
for unobstructed deformations of the structures and study a problem for when the
local Torelli type theorem holds (theorem 3-7, 8 and 9). Then we apply our approach
to interesting special cases of generalized structures discussed in [Hi1], [Gu1]. For
instance, generalized SLn(C) structures are defined as complex pure spinors with a
non-degenerate condition which are a generalization of complex structures with trivial
canonical line bundle. Note that we call them generalized SLn(C) structures because
the special linear group SLn(C) naturally arises as the isotropy group. (see [Go] for
SLn(C) structures). A generalized SLn(C) structure φ induces a generalized complex
structure Jφ. Then our criterion easily implies
Theorem 4-1-6. If we have the ddJ -property for the Jφ corresponding a generalized
SLn(C) structure φ, then φ is a topological structure, so that is, we have unobstructed
deformations of φ on which the local Torelli type theorem holds.
The ddJ - property is a generalization of ordinary ∂∂-lemma in Ka¨hler geometry
and Gualtieri shows that the ddJ property holds for generalized Ka¨hler structures
[Gu2]. A Calabi-Yau (metrical) structure in [Gu1] is a pair consisting of generalized
SLn(C) structures φ0 and φ1 such that the corresponding pair of generalized complex
structures yields a generalized Ka¨hler structure. Deformations of such pairs seems to
be complicated, however it is observed that our systematic approach is adapted to
obtain unobstructed deformations of Calabi-Yau (metrical) structures and the local
Torelli type theorem of them (theorem 4-2-3).
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Li also shows a result of deformations of generalized complex structure [Li]. It is
worthwhile to mention that there is a relation between deformations of generalized
SLn(C) structures and ones of generalized complex structures (Proposition 4-1-7). If
we have the ddJ -property, there is a surjective map from deformations of general-
ized SLn(C) structures to ones of generalized complex structures, so that is, both
deformations are essentially same, which yields an another proof of the result by Li.
We give a brief outline of this paper. In section 0, we present an exposition of the
Clifford algebras of the direct sum of a real vector space V and the dual space V ∗ and
various groups such as Spin, Pin and conformal pin groups. It is important that the
exponential eb (resp. eβ) for a 2-form b ∈ ∧2V ∗ (resp. a 2-vector β ∈ ∧2V ) gives an
element of the spin group. The materials in this section are already well explained in
[L-M], [Ha] and [Hi1]. In section 2, we introduce a subbundle CLk over a manifold X
which gives a filtration of the even Clifford bundle and one of the odd Clifford bundle
:
CL0 ⊂ CL2 ⊂ CL4 ⊂ · · · ,
CL1 ⊂ CL3 ⊂ CL5 ⊂ · · · .
Further we discuss differential operators acting on differential forms on X which arise
as commutators between the exterior derivative d and the action of the Clifford algebra
CL. The Clifford-Lie operators of order 3 are introduced in definition 2-2 which are
invariant under the adjoint action of ea for a ∈ CL2 (lemma 2-4). The exterior
derivative d is a Clifford-Lie operator of order 3 and it follows that e−a ◦ d ◦ ea is
also a Clifford-Lie operator of order 3, which play a significant role in studying the
deformation problem. In section 3, a notion of geometric structures is introduced.
We start with the direct sum of the real vector space V of n dim and the dual space
V ∗. The conformal pin group Cpin(V ⊕ V ∗) of V ⊕ V ∗ linearly acts on the direct
sum of skew-symmetric tensors ⊕l ∧∗ V ∗. Let Φ = (φ1, · · · , φl) be an element of the
direct sum ⊕l ∧∗ V ∗ and B(V ) the orbit of Cpin(V ⊕V ∗) through Φ. We fix the orbit
B(V ) and goes to a oriented, compact manifold X of dim n. The orbit B(V ) yields
the orbit in ⊕l ∧∗ T ∗xX for each point x ∈ X and we have a fibre bunele B(X) by
B(X) :=
⋃
x∈X
B(TxX)→ X.
The set of global sections of B(X) is denoted by EB(X) and then we define a B(V )-
structure on X by a d-closed section of EB(X). We denote by M˜B(X) the set of
B(V )-structures on X :
M˜B(X) = {Φ ∈ EB(X) | dΦ = 0 }.
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Then we define a moduli space of B(V )-structures on X by the quotient space :
MB(X) = M˜B(X)/D˜iff0(X),
where D˜iff0(X) is an extension of the diffeomorphisms of X by the action of d-exact
b-fields (see definition 3-2). Since the de Rham cohomology class of Φ is invariant
under the action of D˜iff0(X), we have the Period map :
Pβ : MB(X)→ H∗dR(X).
In order to discuss deformations of a B(V ) structure Φ, we introduce a suitable de-
formation complex #B (proposition 3-3) :
0 −→E−1(X) d−1−−→ E0(X) d0−→ E1(X) d1−→ E2(X) d2−→ · · · ,
Each vector bundle Ek−1(X) is defined by the action of the Clifford subbundle CLk of
Φ, so that is, Ek−1(X) = CLk ·Φ and the differential operator dk is the restriction of
d to the bundle Ek(X). An orbit B(V ) is an elliptic orbit if the deformation complex
#B is an elliptic complex. It is observed that the complex #B is a subcomplex of the
direct sum of the de Rham complex and we have the map pkB from the cohomology
groups Hk(#B) of the complex #B to the direct sum of the de Rham cohomology
groups. We say a B(V )-structure Φ is a topological structure if the map pkB is injective
for k = 1, 2 (definition 3-5). Our criterion for unobstructed deformations and the
local Torelli type theorem is shown in theorem 3-7 :
Theorem 3-7. Let B(V ) be an elliptic orbit and Φ a B(V )-structure on a compact
and oriented n-manifold X. If Φ is a topological structure, then deformations of Φ
are unobstructed and the deformation space of Φ is locally embedded into the de Rham
cohomology group H∗dR(X). In particular, if an orbit B(V ) is elliptic and topological,
the period map PB of the moduli space MB(X) of B(V ) structures on X is locally
injective.
In section 4 we apply our approach to generalized SLn(C) structures and gener-
alized Calabi-Yau (metrical) structures. In section 5, we introduce generalized hy-
perKa¨hler, G2 and Spin(7) structures as special B(V )-structures. The generalized
exceptional structure (G2 and Spin(7) ) are discussed by Witt [W] from other point
of view. Our approach is adapted in these interesting cases. For instance, we will
show that deformations of generalized Spin(7)structures are unobstructed. We will
discuss the deformation problems of other special structures in a forthcoming paper.
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§1. Clifford algebras and Spin groups
§1-1. Let V be an n dimensional real vector space and V ∗ the dual space of V . We
denote by η(v) by the natural coupling between v ∈ V and η ∈ V ∗. Then there is an
indefinite bilinear form 〈 , 〉 on the direct sum V ⊕ V ∗ which is defined by
(1-1-1) 〈E1, E2〉 = 1
2
η1(v2) +
1
2
η2(v1),
where Ei = vi + ηi ∈ V ⊕ V ∗ for i = 1, 2. (In particular the norm ‖E‖2 = 〈E,E〉.)
We consider V ⊕ V ∗ as the 2n dimensional vector space and denote by ⊗k(V ⊕ V ∗)
the tensor product of k-copies of V ⊕ V ∗. Let
(1-1-2) ⊗(V ⊕ V ∗) :=
∞∑
i=0
⊗k(V ⊕ V ∗).
be the the tensor algebra of (V ⊕V ∗) (Note that ⊗0(V ⊕V ∗) = R), and define I to be
the two-sided ideal in ⊗(V ⊕V ∗) generated by all elements of the form E⊗E−‖E‖1
for E ∈ V ⊕ V ∗. Then the Clifford algebra CL(V ⊕ V ∗) is defined to be the quotient
algebra with the unit 1 :
(1-1-3) CL(V ⊕ V ∗) = ⊗(V ⊕ V ∗)/I.
The product of the Clifford algebra is called the Clifford product which is denoted by
α · β for α, β ∈ CL(V ⊕ V ∗) and for all E, F ∈ V ⊕ V ∗,
(1-1-4) E · F + F · E = 〈E, F 〉1.
Since the ideal I is generated by tensors of degree 2, the Clifford algebra CL(V ⊕V ∗)
is decomposed into the even part and the odd part :
(1-1-5) CL(V ⊕ V ∗) = CLeven ⊕ CLodd.
There are two involutions of CL(V ⊕ V ∗) which play the smart roles. The first one is
defined by the decomposition (1-1-5) :
(1-1-6) α˜ :=
{
+α, (α ∈ CLeven),
−α, (α ∈ CLodd),
for α ∈ CL(V ⊕ V ∗). If we reverse the order in a simple product α = E1 ·E2 · · ·Ek ∈
CL(V ⊕ V ∗) ( Ei ∈ V ⊕ V ∗), we obtain the second involution σ of CL(V ⊕ V ∗):
(1-1-7) σ(α) = En · · ·E2 · E1.
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Since there is the natural isomorphism between the skew-symmetric tensors ∧∗(V ⊕
V ∗) and CL(V ⊕ V ∗) as R-module, there is the metric 〈 , 〉 on CL(V ⊕ V ∗) which is
written as
(1-1-8) 〈α, β〉 = 1
2
〈1, σ(α)β〉,
for α, β ∈ CL(V ⊕ V ∗). In particular we denote by ‖α‖ the Clifford norm of a :
(1-1-9) ‖α‖2 := 〈α, α〉 = 1
2
〈1, σ(α)α〉.
Let ∧pV ∗ be the space of skew-symmetric tensor of degree p and S the direct sum of
the spaces of skew-symmetric tensors :
(1-1-10) S := ⊕∞p=0 ∧p V ∗.
Then E = v + η ∈ V ⊕ V ∗ acts on S by the interior and the exterior product :
(1-1-11) E · φ = ivφ+ η ∧ φ
Since we have the identity :
(1-1-12) ivη ∧ φ+ η ∧ ivφ = ‖E‖2φ,
we have the action of CL(V ⊕V ∗) on S,(which is called the spin representation). Let
CL(V ⊕ V ∗)× be the group which consists of invertible elements of CL(V ⊕ V ∗). For
each g ∈ CL(V ⊕ V ∗)× we define a linear map A˜dg : CL(V ⊕ V ∗)→ CL(V ⊕ V ∗) by
(1-1-13) A˜dg(α) := g˜
−1αg, (α ∈ CL(V ⊕ V ∗)),
where g˜ is the first involution of g. Note that the image A˜dg(V ⊕ V ∗) is not a
subspace of V ⊕ V ∗ for a general g ∈ CL(V ⊕ V ∗)×. The conformal pin group
Cpin(= Cpin(V ⊕ V ∗)) is a subgroup of CL(V ⊕ V ∗)× which defined by
(1-1-14) Cpin := { g ∈ CL(V ⊕ V ∗)× | A˜dg(V ⊕ V ∗) ⊂ V ⊕ V ∗ }.
Since A˜dg is an orthogonal endmorphism of V ⊕V ∗, we have the short exact sequence
:
(1-1-15) 1 −→ R× −→ Cpin A˜d−−→ O(V ⊕ V ∗) −→ 1.
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Since each element of the conformal pin group Cpin is written as a simple product,
it follows that the Clifford norm of g ∈ Cpin is given by ‖g‖2 = σ(g) · g. We define
the Pin group Pin(= Pin(V ⊕ V ∗)) by
(1-1-16) Pin = { g ∈ Cpin | ‖g‖ = ±1 },
and the Spin group Spin(= Spin(V ⊕ V ∗)) is defined by
(1-1-17) Spin := Pin ∩ CLeven.
Then we also have the short exact sequence :
(1-1-18) 1 −→ Z2 −→ Spin Ad−−→ SO(V ⊕ V ∗) −→ 1.
We denote by Spin0(= Spin0(V ⊕ V ∗)) the identity component of Spin. Then Spin0
is given by
(1-1-19) Spin0 = { g ∈ Spin | ‖g‖ = 1 }.
§1-2. The Lie algebra so(V ⊕ V ∗) of the Lie group SO(V ⊕ V ∗) is decomposed into
three parts :
(1-2-1) so(V ⊕ V ∗) = End(V )⊕ ∧2V ⊕ ∧2V ∗.
Each a ∈so(V ⊕ V ∗) is written as a form of matrix :(
A β
b −A∗
)
,
where A ∈End(V ), b ∈ ∧2V ∗, β ∈ ∧2V and A∗ ∈ End(V ) is defined by A∗(η)(v) =
η(Av) for v ∈ V and η ∈ V ∗. (Note that b : V → V ∗ and β : V ∗ → V .) Then the Lie
group GL(V ) is embedded into SO(V ⊕ V ∗) :
(1-2-2)
(
g 0
0 (g∗)−1
)
, g ∈ GL(V ).
Further for b ∈ ∧2V ∗ and β ∈ ∧2V we define eb and eβ by :
eb = 1 + b+
1
2!
b2 + · · · ,
eβ = 1 + β +
1
2!
β2 + · · · ,
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then eb and eβ are elements of Spin0 respectively. Let GL0(V ) be the identity com-
ponent of GL(V ). We denote by q the embedding (1-2-2) of GL0(V ) into the identity
component of SO0(V ⊕ V ∗) :
(1-2-3) q : GL0(V )→ SO0(V ⊕ V ∗).
Let Ad be the covering map Ad: Spin0 → SO0(V ⊕ V ∗) as before. Then there is a
map p : GL0(V )→ Spin0 such that Ad◦p = q, so that is, p is the lift of the map q :
(1-2-4)
GL0(V )
p−→ Spin0∥∥∥ yAd
GL0(V )
q−→ SO0.
The representation S of the Clifford algebra CL(V ⊕V ∗) restricts to the representation
ρspin of Spin0.
(1-2-5) ρspin : Spin0 → GL(S).
We also denote by ρ∗GL the linear representation of GL(V ) on ∧∗V ∗. The composition
ρspin ◦ p gives rise to a representation of GL0(V ).
Lemma 1-2-1. The representation ρspin ◦ p is given by
ρspin = (detV
∗)
1
2 ⊗ (ρ∗GL)−1,
where (detV ∗)
1
2 is the half of the determinant representation.
§2. Clifford-Lie operators
We use the same notation as in section 1. Let X be a real manifold of dim n. Then
we consider the direct sum T ⊕ T ∗ of the tangent bundle T = TX and the cotangent
bundle T ∗ = T ∗X . Let CL(X) = CL(T ⊕ T ∗) be the Clifford bundle on X :
CL(X) :=
⋃
x∈X
CL(TxX ⊕ T ∗xX)→ X.
We also define the conformal pin group-bundle Cpin(X)=Cpin(T ⊕ T ∗) by :
Cpin(X) :=
⋃
x∈X
Cpin(TxX ⊕ T ∗xX)→ X.
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Let π be the natural projection,
π : ⊗ (T ⊕ T ∗)→ CL(X) = ⊗(T ⊕ T ∗)/I.
We denote by CL2i the image
CL2i := π
(⊕il=0 ⊗2l (T ⊕ T ∗)) .
Then we have a filtration of CLeven :
CL0 ⊂ CL2 ⊂ CL4 ⊂ · · · .
We also have a filtration of CLodd which defined by
CL1 ⊂ CL3 ⊂ CL5 ⊂ · · · ,
where
CL2i+1 := π
(⊕il=0 ⊗2l+1 (T ⊕ T ∗)) .
Let S(X) be the bundle of differential forms ∧∗T ∗X over a manifold X . By using the
spin representation on each fibre as in section 1, the bundle of the Clifford algebra
CL(X) acts on S(X). Let LE be the anti-commutator {d, E} = dE+Ed for a section
E of the bundle T ⊕ T ∗. (For simplicity, we denote it by E ∈ CL1 = T ⊕ T ∗.) If
we denote E = v + θ ∈ T ⊕ T ∗ then LE = Lv + (dθ), where Lv is the ordinary Lie
derivative and (dθ) acts on S(X) by the wedge product. Next we consider a bracket
[LE , F ] = LEF − FLE for E, F ∈ T ⊕ T ∗.
Lemma 2-1. The bracket [LE, F ] is a section of T ⊕ T ∗.
proof. When we write E = v + θ, F = w + η ∈ T ⊕ T ∗, then we have
[LE , F ] =[Lv + (dθ), w + η]
=[Lv, w] + [Lv, η] + [(dθ), w] + [(dθ), η]
=[v, w] + (Lvη) + [(dθ), w].
Since [(dθ), w] ∈ (T ⊕ T ∗), we have the result. 
In this paper Clifford algebra valued Lie derivatives play an significant role.
Definition 2-2(Clifford-Lie operators). A Clifford-Lie operator of order 3 on X
is a differential operator acting on S(X) which is locally written as
L =
∑
i,j
aijEiLEj +K,
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on every open set U on X for some Ei ∈ CL1(TU ⊕ T ∗U), aij ∈ C∞(U) and K ∈
CL3(TU ⊕ T ∗U).
Let {x1, · · · , xn} be a local coordinates of X . We denote by vi the vector field ∂∂xi
and θi = dxi. Then the extrior derivative d is locally written as
d =
n∑
i=0
θi ∧ Lvi .
Hence d is the Clifford-Lie operator of order 3.
Let a be a section of CL2(T ⊕ T ∗). Then we have
Lemma 2-3. If L is a Clifford-Lie operator of order 3 then the commutator [L, a] is
also a Clifford-Lie operator of order 3.
proof. Let f be a function on X and E = v + θ a section of T ⊕ T ∗. Since we have
LEfa = (LEf)a+ fLEa,
where LEf = Lvf ∈ C∞(X). We have the following equality on an open set U on X :
[L, fa] =L(fa)− faL
=
∑
ij
aijEiLEj (fa)− faL+K
=
∑
ij
aijEi(LEjf)a+ f [L, a].
Since Ei(LEjf)a ∈ CL3(T⊕T ∗), it is sufficient to show the lemma in the case a = F1F2
for Fi ∈ T ⊕ T ∗(i = 1, 2). The bracket [LE , F1F2] is given by
[LE , F1F2] =LEF1F2 − F1F2LE
=[LE, F1]F2 + F1LEF2 − F1F2LE
=[LE, F1]F2 + F1[LE , F2].
Hence it follows from lemma 2-1 that [LE , F1F2] ∈ CL2. The bracket [E1LE2 , F1F2]
is given by
[E1LE2 , F1F2] =E1LE2F1F2 − F1F2E1LE2
=E1[LE2 , F1F2] + E1F1F2LE2 − F1F2E1LE2 ,
=[E1, F1F2]LE2 +E1[LE2 , F1F2].
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Since [E1, F1F2] = 2〈E1F1〉F2 − 2〈E1, F2〉F1 ∈ CL1 = (T ⊕ T ∗), it follows that the
bracket [E1LE2 , F1F1] is a Clifford-Lie operator of order 3. Then the result follows
from the equation:
[L, F1F2] =[
∑
ij
aijEiLEj , F1F2]
=
∑
ij
aij [EiLEj , F1F2].

Lemma 2-4. The commutator [d, a] is a Clifford-Lie operator of order 3.
proof. Since d is a Clifford-Lie operator of order 3, the result follows from lemma 2-3.
We think a following direct proof is more readable. [d, fa] = dfa−fad = (df)a+f [d, a]
for a function f . Hence it is sufficient to show the lemma in the case a = E1E2, where
Ei ∈ T ⊕ T ∗ (i = 1, 2). Then the bracket [d, a] is written as
[d, a] =dE1E2 − E1E2d
=LE1E2 − E1dE2 − E1E2d
=LE1E2 − E1LE2
=E2LE1 − E1LE2 + [LE1 , E2].
Hence the result follows from [LE1 , E2] ∈ CL1 ⊂ CL3. 
Proposition 2-5. Let a1, a2 ∈CL2(T ⊕ T ∗). Then [[d, a1], a2] is a Clifford-Lie oper-
ator of order 3. Further we denote by AdaL the commutator [L, a]. Then the compo-
sition Ada1(Ada2(· · ·Adand) · · · ) is a Clifford-Lie operator of order 3 for a1, · · · , an ∈
CL2.
proof. It follows form Lemma 2-3 and 4. 
Remark 2-6. In the case of a1, a2 ∈End(TX), the bracket [[d, a1], a2] is given in
terms of the Nijenhuis tensor of a1 and a2. In the case a1, a2 ∈ ∧2T , the bracket
[[d, a1], a2] is the Schouten bracket. In general the bracket [[d, a1], a2] is not a tensor
but a differential operator.
Let a be a section of CL2 and L an operator acting on S(X). We successively
define an operator (Adla)L acting on S(X) by
(Ada)
lL = [(Ada)
l−1L, a].
We also define a formal power series (exp(Ada))L by
(exp(Ada))L =
∞∑
l=0
1
l!
(Ada)
lL
=d+ [L, a] +
1
2!
[[L, a], a] + · · · .
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Lemma 2-7. The power series (exp(Ada))L is given by
(exp(Ada))L = e
−a ◦ L ◦ ea.
proof. It follows from definition of (Ada)
lL that
(Ada)
lL =
l∑
m=0
(−1)ml!
m!(l −m)!a
m Lal−m.
Then by a combinatorial calculation we have
Lak =
k∑
l=0
k!
l!(k − l)! a
k−l (Ada)lL.
Then we have
L ea =ea(L+ (Ada)L+
1
2!
(Ada)
2L+
1
3!
(Ada)
Ld+ · · · )
=ea(exp(Ada)L).
Hence the result follows. 
Proposition 2-8. If L is a Clifford-Lie operator of order 3 and a ∈ CL2, then
e−a ◦ L ◦ ea = (exp(Ada)L) is also a Clifford-Lie operator of order 3. In particular
(exp(Ada)d) is a Clifford-Lie operator of order 3.
proof. The result follows from lemmas 2-5 and 2-7. 
§3. Deformations of generalized geometric structures
§3-1. Let V be an n dimensional real vector field and V ∗ the dual space of V . As in
section 1 the space of the skew-symmetric tensors S:=∧∗V ∗ is regarded as the spin
representation of CL(= CL(V ⊕ V ∗)), which restricted to give the representation of
Cpin(= Cpin(V ⊕ V ∗)). We consider the direct sum of the spin representations of
Cpin(V ⊕ V ∗) :
⊕lS :=
ltimes︷ ︸︸ ︷
(∧∗V ∗ ⊕ · · · ⊕ ∧∗V ∗).
Let ΦV = (φ1, · · · , φl) be an element of the direct sum ⊕lS. Then we have the orbit
B(V ) of CPin(V ⊕ V ∗) through ΦV :
B(V ) := { g · ΦV | g ∈ Cpin(V ⊕ V ∗) }.
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From now on we fix the orbit B(V ). In this paper we think that the orbit of Cpin(V ⊕
V ∗) gives rise to a generalized geometric structure on the vector space. Let GL0(V ) be
the connected component of GL(V ) with the identity and A(V ) the orbit of GL0(V )
through ΦV . As in the section 1, we have the map p : GL0(V ) → Spin0 ⊂ Cpin. It
follows from lemma 1-2-1 that for Φ ∈ ⊕lS we have,
(p(g)) · Φ = (det g) 12 ρGL∗(V )(g−1)Φ, for g ∈ GL0(V ).
Since (det g)−
1
2 p(g) ∈ Cpin, we have
((det g)−
1
2 p(g)) · Φ = ρGL∗(V )(g−1)Φ.
It implies that the GL0(V )−orbit A(V ) is embedded into the CPin(V ⊕ V ∗)−orbit
B(V ) :
(3-1-1) A(V ) →֒ B(V ).
The inclusion (3-1-1) shows that the group Cpin is suitable for our construction. Let
X be an oriented and compact real manifold of dim n. As in section 2 we have the
Clifford bundle CL(X) and the conformal pin bundle Cpin(X) over X . When we take
an identification between V and TxX for each x ∈ X , we have the orbit B(TxX) of
CPin(TxX ⊕T ∗xX). It follows from (3-1-1) that the orbit B(TxX) is independent of a
choice of an identification and thus B(TxX) is canonically defined as the submanifold
of the direct sum of forms ⊕l ∧∗ T ∗xX . Hence we have the fibre bundle B(X)→ X :
B(X) :=
⋃
x∈X
B(TxX)→ X.
Let H be the isotropy group of the action of CPin(V ⊕ V ∗) at ΦV :
H := { g ∈ Cpin(V ⊕ V ∗) | g ·Φ = Φ }.
Then the fibre bundle B(X) is the fibre bundle with fibre Cpin(V ⊕V ∗)/H and B(X)
is embedded into the direct sum of differential forms ⊕l ∧∗ T ∗X . We denote by
EB(X)the set of C∞-sections of the fibre bundle B(X):
EB(X) := C∞(X,B(X)).
Each section Φ ∈ EB(X) consists of differential forms on which the exterior derivative
d acts. Let M˜B(X) be the set of d-closed section of EB(X):
M˜B(X) := {Φ ∈ EB(X) | dΦ = 0 }.
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Definition 3-1. A generalized geometric structure on X associated with the orbit
B(V ) is a d-closed section Φ ∈ M˜B(X). For simplicity, we call a d-closed section Φ
a B(V )-structure on X.
The diffeomorphism Diff(X) naturally acts on M˜B(X) by the pull back. We denote
by Diff0(X) the identity component of Diff(X). Since the exponential e
dγ is a section
of the bundle Spin0(X) for a 1-form γ, we have the action of e
dγ on B(V )-structures
M˜B(X),
Φ 7→ edγ ∧ Φ, (γ ∈ T ∗X).
Let D˜iff0(X) be the group generated by the composition of the action of Diff0(X) and
d-exact 2-forms:
D˜iff0(X) := { edγ ∧ f∗ | γ ∈ T ∗, f ∈ Diff0(X) }.
Here the group D˜iff0(X) is regarded as a subgroup of the automorphisms of the bundle
Spin0(X) :
Spin0(X) −−−−→ Spin0(X)y y
X −−−−→ X.
Hence the group D˜iff0(X) is an extension of Diff0(X) by d-exact 2-forms d (∧1T ∗):
0 −→ d (∧1T ∗) −→ D˜iff0(X) −→ Diff0(X) −→ 0.
Definition 3-2. A moduli space MB(X) of B(V )-structures on X is the quotient
space of M˜B(X) divided by the action of D˜iff0(X):
MB(X) := M˜B(X)/Diff0(X).
§3-2. Let B(V ) be the fixed orbit of CPin(V ⊕ V ∗) as in section 3-1 and Φ a B(V )-
structure on a manifold X . In order to consider deformations of Φ, we introduce a
deformation complex of the B(V )-structure Φ. As in section 2 there is the natural
filtration of the even Clifford bundle CLeven and the one of the odd Clifford bundle
CLodd) :
CL0 ⊂ CL2 ⊂ CL4 ⊂ · · · ,
CL1 ⊂ CL3 ⊂ CL5 ⊂ · · · .
Then by using the action of CLk on Φ, we obtain a vector bundle Ek−1(X) over X :
Ek−1(X) := CLk · Φ,
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and the corresponding filtrations of vector bundles:
E−1(X) ⊂ E1(X) ⊂ E3(X) ⊂ · · · ,
E0(X) ⊂ E2(X) ⊂ E4(X) ⊂ · · · .
(Note that we shift the degree of the filtration of vector bundles.) The vector bundle
E−1(X) is the line bundle generated by Φ. The vector bundle E0(X) is generated by
E · φ for all E ∈ T ⊕ T ∗ over C∞(X) and E1(X) is generated by E1 · E2 · Φ for all
E1, E2 ∈ T ⊕ T ∗. Each Ek(X) is embedded into the direct sum of differential forms
on which the exterior derivative d acts.
Proposition 3-3. There is a differential complex #B(= #B,Φ) for each Φ ∈ M˜B(X),
0 −→E−1(X) d−1−−→ E0(X) d0−→ E1(X) d1−→ E2(X) d2−→ · · · ,
where dk is given by the restriction d|Ek(X). The cohomology groups of the complex
#B is denoted by Hk(#B),
Hk(#B) :=
ker dk : Γ(E
k(X))→ Γ(Ek+1(X))
im dk−1 : Γ(Ek−1(X))→ Γ(Ek(X)) .
Then the first cohomology group H1(#B) is regarded as the infinitesimal tangent space
of the deformations of the B(V )-structure Φ.
proof. A section of E−1(X) is written as fΦ for a function f . Hence d(fΦ) = df ∧Φ
and we see that the image d(E−1(X)) is included into E0(X). We denote by LF
the anti-commutator dF + Fd acting on forms where F ∈ T ⊕ T ∗. When we write
F = v + η for v ∈ T and η ∈ T ∗, then LF is given by
LF = Lv + (dη)∧,
where Lv denotes the Lie derivative. Then we have
LF (fΦ) =Lv(fΦ) + (dη) ∧ (fΦ)
=(Lvf)Φ + fLvΦ+ f(dη) ∧ Φ,
where Lvf ∈ C∞(X). Since GL0(TX) is the subbundle of Cpin(X), diffeomorphisms
of X acts on EB(X). Hence we have
LvΦ ∈ TΦEB(X).
The conformal Spin0 bundle Cpin0(X) is given by
Cpin0(X) = { ea | a ∈ CL2 }.
16 RYUSHI GOTO
Since the tangent space TΦEB(X) is generated by the action of Cpin0(T ⊕ T ∗), we
have
TΦEB(X) ∼= CL2 · Φ = E1(X).
Hence we have
LvΦ ∈ E1(X).
Then it follows that LF (E−1(X)) ⊂ E1(X). We also have
d(F · Φ) = LFΦ− FdΦ = LFΦ.
Hence we have d(E0(X)) ⊂ E1(X). For F1, F2 ∈ T ⊕ T ∗ we have
LF1(F2 · Φ) = [LF1 , F2]Φ + F2 · LF1Φ.
It follows from lemma 2-1 that [LF1 , F2] ∈ T ⊕ T ∗. Hence from LF1Φ ∈ E1(X) we
have LF (E0(X)) ⊂ E2(X). We will show that dEk(X) ⊂ Ek+1(X) by induction on k.
We assume that dEk−2(X) ⊂ Ek−1(X) and LF (Ek−2(X)) ⊂ Ek(X) for some k ≥ 1
and for all F ∈ T ⊕ T ∗. Then for F1, F2 ∈ T ⊕ T ∗ and s ∈ Ek−2(X) we have
d(F1 · F2 · s) =LF1(F2 · s)− F1 · dF2 · s
=[LF1 , F2] · s+ F2 · LF1s
− F1 · LF2s+ F1 · F2 · ds.
It follows from our assumption (ds ∈ Ek−1(X) and LF s ∈ Ek(X)) that d(F1 ·F2 ·s) ∈
Ek+1(X) since [LF1 , F2] · s ∈ Ek−1(X) ⊂ Ek+1(X). Hence d(Ek(X)) ⊂ Ek+1(X).
For F3 ∈ T ⊕ T ∗ we also have
LF3(F1 · F2 · s) =[LF3 , F2] · F1 · s+ F2 · LF3(F1 · s),
=[LF3 , F2] · F1 · s+ F2 · [LF3 , F1] · s
+ F2 · F1 · LF3s.
Hence it follows from our assumption LF s ∈ Ek(X) that LF3(F1 · F2 · s) ∈ Ek+2(X).
Hence LF (Ek(X)) ⊂ Ek+2(X). We already show that our assumption in cases of
k = 1, 2. Therefore we have dEk(X) ⊂ Ek+1(X) for all k by induction. The tangent
space of the orbit of D˜iff0(X) is given by the Lie derivative LvΦ and dγ ∧Φ for v ∈ T
and γ ∈ T ∗. Hence it follows that the image d(Γ(E0(X)) is the tangent space of
D˜iff0(X). As we see, the tangent space of EB(X) is global sections of E1(X). Hence
the infinitesimal tangent space of deformations of Φ is given by the first cohomology
group H1(#B). 
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The direct sum ⊕lS(= ⊕l ∧∗ T ∗) is invariant under the action of the exterior
derivative d which is the direct sum of the full de Rham complex. For simplicity we
call ⊕lS the de Rham complex. Then the complex #B is the subcomplex of the de
Rham complex:
0 −→ E−1(X) d−1−−→ E0(X) d0−→ E1(X) d1−→ E2(X) −→ · · · ,y y y y
· · · −→ ⊕l ∧∗ T ∗ d−→ ⊕l ∧∗ T ∗ d−→ ⊕l ∧∗ T ∗ d−→ ⊕l ∧∗ T ∗ −→ · · ·
We denote by H∗dR(X)(= ⊕l⊕dimXp=0 Hp(X,R)) the cohomology group of the de Rham
complex. Then we have the map pkB :
pkB : H
k(#B)→ H∗dR(X).
Since the action of D˜iff0(X) on M˜B(X) preserves a de Rham cohomology class [Φ] of
B(V )-structure Φ, we have the map PB:
PB : MB(X)→ H∗dR(X).
The map PB is called the period map.
Definition 3-4. An orbit B(V ) is completely elliptic if the differential complex #B
is a elliptic complex. In particular, an orbit B(V ) is elliptic if the complex is elliptic
at degrees k = 1, 2.
Definition 3-5. Let B(V ) be an orbit of Cpin (V ⊕V ∗) as in before. We say a B(V )-
structure Φ on X is topological if the map pkB : H
k(#B) → H∗dR(X) is injective for
k = 1, 2. An orbit B(V ) is topological if each B(V )-structure Φ is topological on every
compact and oriented n-manifold.
The complex #B is elliptic if the corresponding symbol complex is exact. Hence the
elliptic condition only depends on a choice of an orbit B(V ). However the topological
condition is depending on a choice of a B(V )-structure Φ on X .
Definition 3-6. A B(V ) structure Φ on X is unobstructed if for each representative
element α of the infinitesimal tangent space H1(#B), there exists one parameter family
of deformations Φt ∈ M˜B(X) with Φ0 = Φ such that
d
dt
Φt|t=0 = a.
If Φ is unobstructed, each infinitesimal tangent generates an actual deformations
and the space of deformations of Φ is locally given by an open set ofH1(#B). From the
view point as in [Go] , we have the following criterion for unobstructed deformations
of B(V )-structures and the Torelli-type theorem :
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Theorem 3-7. Let B(V ) be an elliptic orbit and Φ a B(V )-structure on a compact
and oriented n-manifold X. If Φ is topological, then deformations of Φ are unob-
structed and the deformations of Φ is locally embedded into the de Rham cohomology
group H∗dR(X). In particular, if an orbit B(V ) is elliptic and topological, the period
map PB of the moduli space MB(X) of B(V ) structures on X is locally injective.
Our proof of theorem 3-7 is shown by the following theorems 3-8 and 3-9.
Theorem 3-8. Let B(V ) be an elliptic orbit of Cpin(V ⊕V ∗) and Φ a B(V )-structures
on a compact, oriented manifold X. If the map p1B for Φ is injective, then there exists
a neighborhood U of Φ in the moduli space MB(X) such that the restriction of the
period map PB|U : U → H∗dR(X) is injective.
(Note that Proposition is regarded as a generalization of the Moser’s stability
theorem for symplectic structures an volume forms.)
Theorem 3-9. Let B(V ) be an elliptic orbit of Cpin(V ⊕V ∗) and Φ a B(V )-structure
on a compact, oriented manifold X. If p2B for Φ is injective then deformations of Φ
are unobstructed.
Our proof of theorem 3-9 is shown in next section 3-3. In order to obtain theorem
3-8, we will show the following lemma
Lemma 3-10. Let {Φn}∞n=1 be a sequence of B(V )-structures which converges to a
B(V ) structure Φ, so that is,
lim
n→∞
Φn = Φ ∈ M˜B(X).
We denote by Ekn(X) the vector bundle which defined by E
k
n(X) = CL
k+1 · Φn and
#B,n by the deformation complex {E∗n} with cohomology groups Hk(#B,n). If the map
p1B,n : H
1(#B,n)→ H∗dR(X) is not injective for all n, then the map p1B with respect to
Φ is also not injective.
Lemma 3-10 shows that the injectivity of the map p1B is an open condition, so that
is, if p1B is injective for Φ ∈ M˜B(X), then there exists an neighborhood U˜ such that
p1B is also injective for all Ψ ∈ U˜ .
proof of lemma 3-10. We take a Riemannian metric on the manifold X . Then we have
the Laplacian △B,n = d∗1d1 + d0d∗0 defined by the complex {E∗n} acting on sections
of E1n(X). We denote by H
1(#B,n) the kernel of the Laplacian △B,n. Since the
complex #B,n is elliptic, the cohomology group H1(#B,n) is isomorphic to H1(#B,n).
We also have the ordinary Laplacian △ which acts on ⊕lS and we denote by Π the
L2-projection to the △-Harmonic forms. If p1B,n is not injective, we have an ∈ CL2
such that an · Φn is a non-zero element of H1(#B,n) with Π(an · Φn) = 0. For each
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Φn we can take a section gn of the fibre bundle CSpin0(X) with gn · Φn = Φ and
gn → 1 as n → ∞. By the left multiplication Lgn of gn, we identify E1n(X) with
E1(X) = CL2(X) ·Φ,
Lgn : E
1
n(X)→ E1(X),
an ·Φn 7→ gn · an · Φn = (Adgnan) · Φ.
Then the elliptic operator △˜B,n on E1(X) is induced by
△˜B,n = Lgn△B,nL−1gn .
We put bn = Adgnan. Then we have
△˜B,nbn · Φ = Lg△B,n(an ·Φn) = 0.
We take an such that the Sobolev norm of bn ·Φ is normalized,
‖bn · Φ‖L24 = 1.
Then from Rellich lemma there exists a subsequence {bm · Φ}m which converges to
b · Φ ∈ E1(X) with respect to the norm L22. Since △˜B,mbm · Φ = 0, we have an
estimate,
‖bm ·Φ‖L24 ≤ C1‖bm · Φ‖L1 ≤ C2‖bm · Φ‖L22 ,
where Ci 6= 0 does not depend on m for i = 1, 2. Hence we have the bound,
0 6= C3 ≤ ‖b ·Φ‖L22 .
The family of elliptic operator {△˜B,m}m also converges to the operator△B asm→∞.
Hence we have
△B(b · Φ) = 0.
Since gm → 1(m→∞), the sequence {am · Φm} = {g−1m · bm · Φ}m converges to b ·Φ
(n→∞). Hence it follows from Π(am · Φm) = 0,
Π(b · Φ) = 0.
Hence b · Φ 6= 0 is an element of ker p1B and we have the result. 
proof of theorem 3-8. Let U˜ be a neighborhood of Φ such that p1B is injective for
every Ψ ∈ U˜ . Let {Φt}, 0 ≤ t ≤ 1 be a smooth family of B(V )-structures in the
neighborhood U˜ . We assume that the d-closed form Φt belongs to the same de Rham
cohomology class as Φ0 for all t, so that is, there exists At such that
(3-2-1) Φt − Φ0 = dAt.
Since the group D˜iff0(X) is generated by the action of Diff0(X) and the action of
d-exact b-fields, theorem is reduced to the followings :
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Proposition 3-11. If the map p1B is injective for all Φt, then there exist a smooth
family of differmorphisms {ft} and a smooth family of d-exact 2-forms {dγt} such
that
(3-2-2) edγt ∧ f∗t Φt = Φ0, for all t ∈ [0, 1].
proof of proposition 3-11. By differentiating the equation (3-2-2), we have
(3-2-3)
d
dt
(
edγt ∧ f∗t Φt
)
= 0, ∀ t ∈ [0, 1],
which is equivalent to
(3-2-4) edγt ∧ dγ˙t ∧ f∗t Φt + edγt ∧ f˙∗t Φt + edγt ∧ f∗t Φ˙t = 0.
By the left action of (f−1t )
∗(e−dγt), we have
(3-2-5) (f−1t )
∗(dγ˙t ∧ f∗t Φt) + (f−1t )∗f∗t Φt + Φ˙t = 0.
We set (f−1t )
∗γ˙t = γ˜t. Since (f−1t )
∗f˙t
∗
Φt is given as the Lie derivative LvtΦt for a
vector field vt, it follows from (3-2-1) that
(3-2-5) (dγ˜t) ∧ Φt + LvtΦt + dA˙t = 0.
Since Φt is d-closed, we have
(3-2-6) LvtΦ = divtΦt.
We substitute (3-2-6) in (3-2-5) and we have
((dγ˜t) ∧ Φt + divtΦt) = d (γ˜t + vt) · Φt = −dA˙t,(3-2-7)
where (vt+γ˜) ∈ T⊕T ∗ acts on Φ by the Clifford multiplication. We denote by Ekt (X)
the vector bundle CLk+1 · Φt and #B,t the complex {E∗t (X)} We denote by Ekt (X)
the vector bundle CLk+1 ·Φt and by #B,t the complex (E∗t (X), d). Then (γ˜t+ vt) ·Φ
is a section of E0t (X) and −Φ˙t = −dA˙t is a section of E1t (X). Hence −dA˙t yields the
class −[dA˙t] ∈ H1(#B,t) of the deformation complex #B,t :
E0t
d0−→ E1t d1−→ · · · .
Then we see that the class [−dA˙t] ∈ H1(#B,t) vanishes since the class −[dA˙t] is
represented by the d-exact form and the map p1B,t is injective. If we take a metric on
ON DEFORMATIONS OF GENERALIZED STRUCTURES 21
the manifold X , we have the adjoint operator d∗k and the Green operator Gt of the
complex #B,t. We define a section Bt of E0t (X) by
(3-2-8) Bt = −d∗0GtdA˙t.
Then from the Hodge theory of the elliptic complex, we have
(3-2-9) dBt = −dA˙t.
Since Bt is written as Et ·Φ for Et ∈ T ⊕ T ∗, we set vt + γ˜t = Et such that a smooth
family {vt+ γ˜t} satisfies the equation (3-2-7). By solving the equation (f−1t )∗f˙t
∗
Φt =
LvtΦ, we have the smooth family {ft} with f0 =id. Hence we have {ft} and {dγt}
which satisfy the equation (3-2-2) 
§3-3 Construction of deformations. This subsection is devoted to proof of theo-
rem 3-9.
proof of theorem 3-9. LetX be an n-dimensional, compact and oriented manifold with
a B(V )-structure Φ. We take a Riemannian metric on X . (Note that this metric is
independent to the structure Φ.) The conformal pin bundle Cpin(X) = Cpin(T ⊕T ∗)
acts on the fibre bundle B(X) transitively. Hence every global section EB(X) is written
as g · Φ for a section g of Cpin(T ⊕ T ∗). The identity component CSpin0(T ⊕ T ∗) of
Cpin(T ⊕ T ∗) is given by
(3-3-1) CSpin0(T ⊕ T ∗) =
{
ea | a ∈ CL2(T ⊕ T ∗)} .
Hence every deformation of Φ in EB(X) is given by ea ·Φ for a section a of CL2(T⊕T ∗).
In order to obtain a deformation of Φ in M˜B(X), we introduce a formal power series
in t :
(3-3-2) a(t) = a1t+
1
2!
a2t
2 +
1
3!
a3t
2 + · · · ,
each ai is a section of CL
2(T ⊕ T ∗). We define a formal power series g(t) by
(3-3-3) g(t) = exp(a(t)) ∈ CSpin0(T ⊕ T ∗)[[t]].
The group CSpin0(T ⊕ T ∗) acts on differential forms and we have
ea(t) · Φ =Φ+ a(t) · Φ+ 1
2!
a(t) · a(t) · Φ+ · · · ,(3-3-4)
=Φ + (a1 · Φ)t+ 1
2!
((a2 + a1 · a1) · Φ) t2 + · · · .
22 RYUSHI GOTO
The equation that we want to solve is,
(eq∗) dea(t) · Φ = 0.
At first we take a1 such that da1 ·Φ = 0 as an initial condition. It follows from lemma
2-7 that we have
(3-3-5) e−a(t) · d · ea(t) = ( (exp(Ada(t))d ) ,
where ( exp(Ada(t)) ) is the operator acting on differential forms which defined by the
power series in t :
(
(exp(Ada(t))d
)
=d+
1
k!
∞∑
k=1
Adka(t)d,
=d+ [d, a(t)] +
1
2!
[[d, a(t)], a(t)] + · · · ,
=d+ [d, a1]t+
1
2!
([d, a2] + [[d, a1], a1]) t
2 + · · · ,
where Adka(t)d = [Ad
k−1
a(t) d, a(t)]. Hence the (eq∗) is equivalent to the equation
(e˜q∗)
(
(exp(Ada(t))d
)
Φ = 0,
Then it follows from proposition 2-5 that
(
(exp(Ada(t))d
)
is a Clifford-Lie operator
of order 3 and we have
(3-3-6)
(
(exp(Ada(t))d
)
Φ ∈ E2(X).
From (3-3-5), we have
(3-3-7) dea(t) · Φ = ea(t) · ( (exp(Ada(t))d )Φ.
We denote by (P (t))[i] the ith homogeneous part of a power series P (t) in t. Then
from (3-3-7), we have
(dea(t) · Φ)[k] =
∑
k=i+j,
i,j≥0
(ea(t))[i]
(
(exp(Ada(t))d
)
[j]
Φ(3-3-8)
Since da1 · Φ = 0, we have
(3-3-9)
(
(exp(Ada(t))d
)
[0]
· Φ = ( (exp(Ada(t))d )[1] · Φ = 0.
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Thus it suffices to determine ak satisfying (e˜q∗) by induction k. We assume that
a1, · · · , ak−1 have been determined so that
(3-3-10)
(
(exp(Ada(t))d
)
[l]
Φ = 0, (l = 0, 1, · · · , k − 1).
Then it follows from (3-3-8) that
(3-3-11) (dea(t) ·Φ)[k] =
(
(exp(Ada(t))d
)
[k]
Φ
Then form (3-3-6) we see that
(3-3-12) (dea(t) · Φ)[k] ∈ E2(X).
The kth part (dea(t) · Φ)[k] is written as
(3-3-13) (dea(t) · Φ)[k] = 1
k!
dak · Φ+Obk,
where Obk(= Obk(a1, · · · , ak−1)) is the non-linear term depending only on a1, · · · , ak−1.
Since dak · Φ ∈ dE1(X) ⊂ E2(X), it follows from (3-3-12) that
(3-3-14) Obk ∈ E2(X).
Since Obk is d-exact, we have the cohomology class [Obk] ∈ H2(#B). Then we have
Lemma 3-12. There exists a section ak satisfying (de
a(t) · Φ)[k] = 0 if and only if
the class [Obk] ∈ H2(#B) vanishes. .
proof. The equation (dea(t) · Φ)[k] = 0 is written as
(3-3-15)
1
k!
ak · Φ = −Obk,
where Obk only depends on a1, · · · , ak−1. The L.H.S of (3-3-15) is an element of the
image dE1(X) in the complex #B :
· · · d−1−−→ E0 d0−→ E1 d1−→ E2 d2−→ · · · .
The R.H.S. of (3-3-15) is an d2-closed element of E
2 which yields the class [Obk] ∈
H2(#B). If we have ak satisfying the equation (3-3-15), then the class [Obk] vanishes.
The complex #B is an elliptic complex and we have the Green operator G#B of the
complex #B. If the class [Obk] vanishes, we can obtain ak by using the Green operator
:
1
k!
ak · Φ = −d∗G#B(Obk) ∈ E1.
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Then ak satisfies the equation (3-3-15).
We call [Obk] the k-th obstruction class. (Note that [Obk] can be defined if
the lower obstruction classes vanish.) Since Obk is d-exact, we have that the class
[Obk] ∈ H2(#B) is in the kernel of the map p2B. Hence if the map p2B : H2(#B) →
H∗dR(X) is injective then [Obk] vanishes. Hence from 3-3-11, we have ak satisfying(
(exp(Ada(t))d
)
[k]
= 0. By induction, we have a formal power series a(t) which is
a solution of the equation e˜q∗. The rest is to show the convergence of the power
series a(t). The convergence can be shown essentially by the same method as in [Go].
We also have the smoothness of solutions by the standard elliptic regularity method.
Hence the result follows. 
§4. Generalized Calabi-Yau (metrical) structures
§4-1 Generalized SLn(C) structures. Let V be the real vector space of dim 2n
and J (V ) the set of complex structures on V . We denote by ∧n,0J V ∗C the space of
complex forms of type (n, 0) with respect to J ∈ J (V ). Let P(V ) be the set of pairs
consisting of complex structures J and a non-zero complex form of type (n, 0):
P(V ) := { (J,ΩJ) | J ∈ J (V ), 0 6= ΩJ ∈ ∧n,0J V ∗C }.
Then we have the projection to the second component
π2 : P(V )→ ∧nV ∗C .
Definition 4-1-1. A complex n-form ΩV on V is an SLn(C) structure if ΩV is in
the image of π2(P(V )). The set of SLn(C) structures on V is denoted by ASL(V ).
Hence each SLn(C) structure ΩV is a complex form of type (n, 0) with respect to
a complex structure J ∈ J (V ). Conversely for each SLn(C) structure ΩV we define
a complex subspace kerΩV by
kerΩV := {v ∈ VC | ivΩV = 0 }.
Then the complexified vector space VC is decomposed into kerΩV and the conjugate
space kerΩV :
(4-1-1) VC = kerΩV ⊕ kerΩV .
Hence we define a complex structure J on V by using decomposition (4-1-1) such that
ΩV is the complex form of type (n, 0) with respect to J . Then we have the map from
the set of SLn(C) structures to the set of complex structures :
ASL(V )→ J (V ).
ON DEFORMATIONS OF GENERALIZED STRUCTURES 25
By taking a suitable basis {θ1, · · · , θn} of kerΩV , we can write ΩV = θ1 ∧ · · · ∧ θn.
Then it follows that the real linear group GL(V ) acts on ASL(V ) transitively with
isotropy group SLn(C) and ASL(V ) is the orbit which is described as the homogeneous
space:
ASL(V ) = GL(V )/SLn(C).
The real conformal pin group Cpin(V ⊕ V ∗) acts on ∧∗V ∗ ⊗ C. When we consider
complex forms as pairs of real forms, we can apply the construction in section 3.
Definition 4-1-2. Let BSL(V ) be the orbit of Cpin including SLn(C) structures
ASL(V ). An element φV of BSL(V ) is a generalized SLn(C) structure on V and
we call BSL(V ) the orbit of generalized SLn(C) structures.
Let X be a compact and oriented real manifold of dim 2n. Then by applying the
construction as in section 3, we define BSL(V )-structures on X which are generalized
geometric structures corresponding to the orbit BSL(V ). Assume that there exists a
BSL(V )-structure φ on X . Then we have the sequence of vector bundles {EkSL} over
X and the complex #BSL :
(#BSL) 0 −→ E−1SL −→ E0SL −→ E1SL −→ E2SL −→ · · · .
Let Lφ be the vector bundle over X which is defined by
Lφ = {E ∈ T ⊕ T ∗ | E · φ = 0 }.
Then we have a decomposition :
(4-1-2) (T ⊕ T ∗)⊗ C = Lφ ⊕ Lφ,
where Lφ is the conjugate bundle of Lφ. We denote by ∧iLφ the i-th wedge product
of Lφ which acts on φ by the Clifford multiplication. Then we define a vector bundle
U iφ by
U−n+iφ := ∧iLφ · φ,
for i = 0, · · ·2n. The bundle U−nφ is the line bundle generated by φ. The vector
bundle EkSL is described in terms of U
i
φ.
Lemma 4-1-3. We have the following identification as real vector bundle :
E0SL
∼= U−n+1φ ,
E1SL
∼= U−nφ ⊕ U−n+2φ ,
E2SL
∼= U−n+1φ ⊕ U−n+3φ .
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In general we have
E2k−1SL ∼= ⊕ki=0U−n+2iφ ,
E2kSL
∼= ⊕ki=0U−n+2i+1φ .
proof. We consider the complex form φ = φℜ +
√−1φℑ as the pair of real forms
(φℜ, φℑ). Then applying the construction in section 3, we have the vector bundles
EkSL which generated by
EkSL = span{ (a · φℜ, a · φℑ) | a ∈ CLk }.
Then we have the complex form a · φℜ +√−1a · φℑ = a · φ. From the decomposition
(4-1-2), we have the identification :
CL2k ⊗ C ∼= CL2k(Lφ ⊕ Lφ) ∼= ⊕ki=0 ∧2l (Lφ ⊕ Lφ).
Since Lφ · φ = {0}, We have an identification :
E2k−1SL = CL
2k · φ ∼=⊕kl=0 ∧2lLφ · φ
=⊕kl=0 U−n+2lφ .
Similarly we have E2kSL
∼= ⊕ki=0U−n+2i+1φ . 
Propositon 4-1-4. The complex #BSL is elliptic, so that is, the orbit BSL is an
elliptic orbit.
proof. Since there is the inclusion CLk−2 ⊂ CLk , we have the inclusion Ek−2SL ⊂ EkSL
with the quotient
EkSL/E
k−2
SL
∼= U−n+k+1φ ,
for k ≥ 0. Replacing E−1 by E−1 ⊗C, we have a complex #˜∗SL Hence there is a map
of the complex #˜BSL by shifting its degree from ∗ to ∗+ 2 :
#˜BSL
[2]−→ #˜BSL .
Hence we have the following commutative diagram :
0 −→ 0 −→ E−1SL ⊗ C −→ E0SL −→ E1SL −→ · · ·y y y y y
0 −→ E−1SL ⊗ C −→ E0SL −→ E1SL −→ E2SL −→ E3SL −→ · · ·y y y y y
0 −→ U−nφ
∂−→ U−n+1φ
∂−→ U−n+2φ
∂−→ U−n+3φ
∂−→ U−n+4φ −→ · · · .
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It follows from U−n+iφ = ∧iLφ · φ that the quotient complex (U−n+∗φ , ∂) is an elliptic
complex. Hence the from the commutative diagram we see that the complex #BSL is
elliptic by induction on degree k. 
The complex (Upφ , ∂) is the deformation complex of generalized complex structures
which is introduced by [Gu1]. Then the exterior derivative d acting on Upφ is decom-
posed into two projections ∂ and ∂, so that is,
d = ∂ + ∂,
Up−1φ
∂←− Upφ
∂−→ Up+1φ .
Let Φ be a BSL(V )- structure on X . Then there is the generalized complex structure
Jφ corresponding to φ. We define an operator dJ by
dJ :=
√−1(∂ − ∂).
The ddJ -property is introduced by [Hi], [Gu2] and [Cav]:
Definition 4-1-5. A generalized complex manifold (X,J ) satisfies the ddJ -property
iff the following are equivalent :
(1) a ∈ ∧∗T ∗ is d-closed and dJ -exact,
(2) a ∈ ∧∗T ∗ is d-exact and dJ -closed,
(3) a = ddJ b for some b ∈ ∧∗T ∗.
Theorem 4-1-6. If the ddJ -property holds for the Jφ corresponding a BSL-structure
φ, then φ is a topological structure, so that is, we have unobstructed deformations of
φ on which the local Torelli type theorem holds.
proof. Since Upφ is the eigenspace of the action of Jφ with eigenvalue
√−1p. Hence
we have the decomposition ∧∗T ∗ = ⊕np=−nUpφ . If an exact form da(m) is an element
of Um−1φ for a
(m) ∈ Umφ , we have ∂da(m) = ∂∂a(m) = 0. Hence applying the ddJ -
property we have
da(m) =ddJ b = 2
√−1 ∂∂b = 2√−1d∂b,
for b ∈ Um−1φ . Then we have da(m) = dγ for γ = 2
√−1∂b ∈ Um−2φ . From our
decomposition, a form a is written as
a =
m∑
p=−n
a(p),
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where a(p) ∈ Upφ for some m. If da is an element of
∑k
p=−n U
p
φ , then applying the dd
J -
property successively, we have da = db for b ∈∑k−1p=−n Upφ . Similarly if da ∈ ∧evenT ∗
( resp. da ∈ ∧oddT ∗) then applying the property we see that da = db for b ∈ ∧oddT ∗
(resp. b ∈ ∧evenT ∗). Hence it follows from lemma 4-1-3 that if da ∈ EkSL then da = db
for b ∈ Ek−1SL (k ≥ 1). It implies that the map pkB : Hk(#BSL) → H∗dR(X) is injective
for k ≥ 1. 
Gualtieri also shows that the ddc-property holds for generalized Ka¨hler structures
[Gu2]. By applying his theorem, we have
Theorem 4-1-7. Let φ be a BSL(V )-structure on X with the corresponding gener-
alized complex structure Jφ. if there exists another generalized complex structure I
such that the pair (I,Jφ) defines a generalized Ka¨hler structure on X, then BSL(V )-
structure φ is a topological structure.
As in the proof of proposition 4-1-4, we have the short exact sequence :
0 −−−−→ #˜BSL
[2]−−−−→ #˜BSL −−−−→ (U∗φ, ∂) −−−−→ 0.
It follows from E0SL
∼= U−n+1φ that we have the long exact sequence :
0 −→H−1(#˜BSL) −→H1(#˜BSL) −→H2∂(U∗φ) −→H0(#˜BSL) −→H2(#BSL),
where H2
∂
(U∗φ) denotes the cohomology group,
H2
∂
(U∗φ) =
(
ker ∂ : U−n+2φ → U−n+3φ
)
/∂(U−n+1φ ).
which is the infinitesimal tangent space of deformations of generalized complex struc-
tures ( see Chapter 5 in [Gu1]). Since the complex #˜BSL is a subcomplex of the
complexified de Rham complex we have the map p˜kB : H
k(#BSL) → H∗dR(X,C) as in
section 3. Then we have a diagram :
H0(#˜BSL) −−−−→ H2(#˜BSL)
p˜0
B
y yp˜2B
H∗dR(X)
∼=−−−−→ H∗dR(X).
Hence it implies that if p˜0B is injective then the map H
0(#˜BSL) → H2(#˜BSL) is in-
jective. As in proof of theorem 4-1-6, the ddJ -property implies the injectivity of the
map p˜0B. Hence we have
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Proposition 4-1-8. Let φ be a generalized SLn(C) structure on X. If the generalized
complex structure Jφ satisfies the ddJ -property then we have the exact sequence :
0 −→ H−1(#˜BSL) −→ H1(#˜BSL) −→ H2∂(U∗φ) −→ 0.
Hence the infinitesimal tangent H2
∂
(U∗φ) gives rise to small deformations of general-
ized complex structure Jφ which correspond to deformations of generalized SLn(C)
structures.
§4-2. Generalized Calabi-Yau (metrical) structures. Let ΩV be an SLn(C)-
structure and ωV a real 2-form on the real vector space of 2n dim. As in section 4-1,
the SLn(C)-structure ΩV gives rise to the complex structure J on V and we define a
bilinear form g by
g(u, v) = ω(Ju, v), (u, v ∈ V )
Definition 4-2-1. A pair (ΩV , ωV ) is a Calabi-Yau structure on V if the followings
hold :
(1)
ΩV ∧ ωV = 0,
(2)
Ω ∧ Ω = cnωn
,
(3) The corresponding bi-linear form g is positive-definite.
The condition (1) implies that ωV is a form of type (1, 1) with respect to J and
then it follows from (3) that ωV is a Hermitian form. The equation (2) is called
the Monge-Ampe`re condition. Let ACY(V ) be the set of Calabi-Yau structures on V
which consist of complex n-forms and real 2-forms. Then the real linear group GL(V )
acts on ACY(V ) transitively with the isotropy group SU(n). Hence ACY(V ) is the
orbit of GL(V ) which is described as a homogeneous space :
ACY(V ) = GL(V )/SU(n).
Let (ΩV , ωV ) be a Calabi-Yau structure on V . Then we consider a pair (ΩV , e
√−1ωV )
consisting two generalized SLn(C) structures ΩV and e
√−1ωV .
Definition 4-2-2. The orbit BCY(V ) of Cpin(V ⊕V ∗) through the pair (ΩV , e
√−1ωV )
is called the generalized Calabi-Yau orbit. An element (φV,0, ψV,0) of the orbit BCY(V )
is a generalized Calabi-Yau structure on V . Note that the orbit BCY(V ) is embedded
into pairs of complex forms ∧∗V ∗
C
⊕∧∗V ∗
C
. Let X be a compact real manifolds of dim
2n. Then as in section 3, we define generalize Calabi-Yau (metrical) structures on X
as BCY(V )-structures on X.
30 RYUSHI GOTO
Let (φ0, φ1) be a generalized Calabi-Yau structure on X . Since it consists on
generalized SLn(C) structures, we obtain the pair (J0,J1) of the corresponding gen-
eralized complex structures on X . Then we see that the pair (J0,J1) is a generalized
Ka¨hler structure. By applying Gualtieri’s theorem, we obtain the following theorem
of deformations of generalized Calabi-Yau structures (which are deformations of pairs
consisting two generalized SLn(C) structures with the conditions):
Theorem 4-2-3. The generalized Calabi-Yau orbit is an elliptic and topological orbit.
proof. Let (φ0, φ1) be a generalized Calabi-Yau (metrical) structure with the general-
ized Ka¨hler structure (J0,J1) on X . We denote by #BCY = {E∗CY, d} the deformation
complex of generalized Calabi-Yau structure (φ0, φ1). Then it suffices to show that
each map
pkBCY : H
k(#BCY)→ ⊕2H∗dR(X,C)
is injective for k = 1, 2. We have the eigenspace decomposition of ∧∗T ∗ = ⊕np=−nUpφi
for each i = 0, 1. Since [J0,J1] = 0, we have a further decomposition :
∧∗T ∗ =
⊕
|p+q|≤n
p+q≡n(mod2)
Up,q,
where Up,q = Upφ0 ∩ U
q
φ1
.
Each EkCY consists of pairs of complex forms. Then the projection π1 to the first
component induces a map from the complex #BCY to #BSL . We denote by (ker
∗, d)
the complex defined by the kernel of π1. Then we have a short exact sequence :
(4-2-1) 0 −→ (ker∗, d) −→#BCY −→#BSL −→ 0,
so that is,
ker0 −→ ker1 −→ ker2 −→ · · ·y y y
E−1CY −→ E0CY −→ E1CY −→ E2CY −→ · · ·y y y y
E−1SL −→ E0SL −→ E1SL −→ E2SL −→ · · · .
If E · φ1 = 0 for real E ∈ T ⊕ T ∗ then we see that E = 0. It implies that ker0 ∼= {0}.
Similarly ker1 and ker2 are respectively given by
ker1 ∼= U0,−n+2,
ker2 ∼= U1,−n+1 ⊕ U−1,−n+1 ⊕ U1,−n+3 ⊕ U−1,−n+3.
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The complex (ker∗, d) is a subcomplex and we have the map pkker : H
k(ker∗) →
H∗dR(X). By applying the Hodge decomposition of generalized Ka¨hler manifold in
[Gu2], we see that pkker is injective for each k. The short exact sequence (4-2-1) is
a subsequence of the following short exact sequence define by the de Rham complex
(dR) which yields a splitting long exact sequence,
0 −→ (dR) −→ (dR)⊕ (dR) −→ (dR) −→ 0.
Hence we have the diagram of long exact sequences:
· · · −→Hk(ker∗) −→ Hk(#BCY) −→Hk(#BSL) −→ · · ·
pkker
y pkBCYy pkBSLy
0 −→ H∗dR(X) −→⊕2H∗dR(X) −→ H∗dR(X) −→ 0,
where the sequence at top is the long exact sequence of (4-2-1). Since pkBSL is injective,
we see that pkBCY is also injective for k. Hence the results follows. 
§5. Genealized hyperKa¨hler, G2 and Spin(7) structures
§5-1. Generalized hyperKa¨hler structures. In this section we will introduce
two types of generalized hyperKa¨hler structures, so that is, type 1 and type 2. A
genralized hyperKa¨hler structure of type 1 is defined by closed differential forms as
in section 3. The one of type 2 is based on generalized complex structures satisfying
a relations. Let V be a 4m dimensional real vector space. A hyperKa¨hler structure
on V with a hyperKa¨hler structure (g, I, J,K), where I, J and K are three complex
structure satisfying the quoternion relations, (I2 = J2 = K2 = IJK = −1) and g is
a Hermitian metric with respect to I, J andK. Then we have three Hermitian form
ωI , ωJ and ωK with respect to I, J and K. Conversely such three forms (ωI , ωj, ωK)
yields the hyperKa¨hler structure (g, I, J,K). Hence hyperKa¨hler structures on V can
be regarded as geometric structures defined by three special 2-forms (see [Go]). As
in section 4, three generalized SLn(C) structures are defined by
φI := e
√−1ωI , φJ := e
√−1ωJ , φK := e
√−1ωK .
Definition 5-1-1. Let BHK(V ) be the orbit of Cpin through the triple (φI , φJ , φK).
We call BHK(V ) the orbit of generaliazed hyperKa¨hler structures on V . A generalized
hypKa¨hler structure of type 1 on a 4m-fold X is a BHK(V )-structure on X.
It is worthwhile to mention that there exist six generalized complex structures
defined by generalized hypKa¨hler structures. As in section 4, generalized SLn(C)
structures yield generalized complex structures. Hence we have three generalized
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complex structures I1, J1 and K1 corresponding to ωI , ωJ and ωK respectively. It
immiditately follows that three compositions K0 := I1J1, I0 := J1K1 and J0 :=
K1I1 give generalized complex structures respectively. Hence we have six generalized
complex structures I0,J0,K0, I1,J1,K1 which satisfying relations :
I20 = J 20 = K20 = I0J0K0 = −1,(5-1-1)
I0I1 = I1I0 = J0J1 = J1J0 = K0K1 = K1K0 = −G,(5-1-2)
where G is a section of the bundle SO(T ⊕ T ∗) with G2 = 1, which is called a
generalized metric. The relation (5-1-1) implies that the triple (I0,J0,K0) satisfies
the quaternion relations and (5-1-2) shows that we have three generalized Ka¨hler
structures with a same G.
Definition 5-1-2. A generalized hyperKa¨hler structure of type 2 is a system consist-
ing of six generalized complex structures with the relation (5-1-1,1).
The algebra generated by 〈G, 1〉 with G2 = 1 is isomorphic to the direct sum R⊕R
by taking a basis,
1√
2
(1 +G),
1√
2
(1−G).
When we set
I1 = −G⊗ i, J1 = −G⊗ j, K1 = −G⊗ k,
then we see that the algebra generated by Iα,Jα,Kα, G, 1, α = 0, 1 with relations
(5-1-1,2) is isomorphic to (R ⊕ R) ⊗ H ∼= H ⊕ H. In the case of generalized Ka¨hler
structure, we have the algebra (R ⊕ R) ⊗ C ∼= C ⊕ C. Hence there are following
correspondence :
generalized generalized generalized
metric Ka¨hler structure hyperKa¨hler structure
l l l
R⊕ R C⊕ C H⊕H
§5-2. Generalized G2 structures. Let O be the octernions which is regarded
as the 8 dimensional real vector space with the metric 〈 , 〉 and the non associative
multiplication. Consider the 7 dimensional vector space W :=ImO with a volume
form vol7 and define a 3 form φG2 on W by
φG2(x, y, z) := 〈xy, z〉.
A 4 form ψ on W is defined by the Hodge star operator ⋆,
ψG2 := ⋆φG2 .
Let BG2 be the orbit of Cpin through the pair (vol7 − φG2 , 1− ψG2). Then we have
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Definition 5-2. A generalized G2 structure is a BG2 -structure on a 7-fold X.
§5-3. Generalized Spin(7) structures. As in section 5-2, we consider O as the 8
dimensional vector space V which is decomposed into V = R⊕ImO, where R denotes
the real part of the octernions with a non-zero one form e1. Then the Spin(7) form
φSpin (the Cayley form) is a 4-form on V defined by
φSpin = e
1 ∧ φG2 + ψG2 .
Let BSpin be the orbit of the group Cpin(V ⊕ V ∗) through
ΦSpin := 1− φSpin + vol8,
where vol8 denotes the volume form of V ∼= O. Then we have
Definition 5-3. A generalized Spin(7) structure is a BSpin-structure on a 8-manifold
X.
Let (ΩI , e
√−1ωI ) be a Calabi-Yau structure on a 8-manifold X . Then the real part
Φ = ΩℜI + (e
√−1ωI )ℜ yields a generalized Spin(7) structure on X . Since the group
Cpin is real, for a generalized Calabi-Yau structure (φ0, φ1) on a 8-manifold X , the
real part
Φ = φℜ0 + φ
ℜ
1
is a generalized Spin(7) structure.
Proposition 5-4. Let X be a compact, oriented 8-manifold with a generalized Spin(7)
structure Φ. Deformations of generalized Spin(7) structures on X are unobstructed.
Our proof is a generalization of the proof of deformations of Spin(7) structures in
[Go]. Let CSpin0(V ⊕ V ∗) be the identity component of the conformal spin group
which acts on ∧∗T ∗. There is the metric gO on the octernions O which yields a
generalized metric GO by
GO =
(
o g∗
O
gO 0
)
,
where g∗ is the dual metric on the dual space O∗. Then we have
Lemma 5-5. Let H be the isotropy group which is defined by
H := {g ∈ CSpin0(V ⊕ V ∗) | g · ΦSpin = ΦSpin }.
Then the identity component H0 of H preserves the generalized metric GO.
proof. Every g ∈ CSpin0(V ⊕ V ∗) is written as g = ea for a ∈ CL2. Then CL2 is
decomposed into
CL2 = R⊕ End(V )⊕ ∧2V ∗ ⊕ ∧2V.
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Then a is written as a = λ + A + b + β for A ∈End(V ), β ∈ ∧2V , β ∈ ∧2V . If
a · ΦSpin = 0 for a = λ+ A+ β + b, then we see that
(λ+A) · ΦSpin = 0,(5-3-1)
(b+ β) · ΦSpin = 0(5-3-2)
From (5-3-1), we have
(3-5-3) λ = 0 and A ∈ spin(7).
The space of 2-forms and the space of 2-vectors are respectively decomposed into
representation spaces of Spin(7),
∧2 V ∗ = ∧27V ∗ ⊕ ∧221V ∗,(5-3-4)
∧2 V = ∧27V ⊕ ∧221V,(5-3-5)
where ∧221V ∗ ∼= ∧221V is isomorphic to the Lie algebra spin(7) and ∧27 denotes the
irreducible 7 dimensional representation space. Let p∗ be the dual 2-vector of p ∈
∧27V ∗ and q∗ the dual 2-vector of q ∈ ∧221V ∗. Then we have
(5-3-6)


p ∧ ΦSpin = p− 3 ⋆ p,
p∗ ·ΦSpin = 3p− ⋆p,
q ∧ ΦSpin = q + ⋆q,
q∗ ·ΦSpin = −(q + ⋆q),


where ⋆ denotes the Hodge star operator with respect to the metric gO. From (5-3-6)
if (b+ β) · ΦSpin = 0, then
(5-3-7) b+ β = q + q∗,
(
for q ∈ ∧221 ∼= spin(7)
)
.
From (5-3-3,7) the Lie algebra of the isotropy group H is given by the direct sum
spin(7)⊕spin(7). Hence the identity component H0 is the product Spin(7)×Spin(7)
which preserves the generalized metric GO. 
Let CSpin0(X) be the fibre bundle over a compact, oriented manifold X with fibre
CSpin0. It suffices to consider that a generalized Spin(7) structure Φ is a closed
section of the fibre bundle CSpin0(X). For each x ∈ X , we take an identification
h : O ∼= TxX which gives the identification hˆ : TxX ⊕ T ∗xX ∼= O ⊕O∗. Then there is
a ea ∈ CSpin0(V ⊕ V ∗) such that
ΦSpin = e
a · h∗Φ ∈ ∧∗O∗.
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We denote by Adea the adjoint of e
a. Then the composition hˆ ◦ Adea gives the
identification O⊕O∗ ∼= TxX ⊕ T ∗xX which defines a generalized metric GΦx by
GΦx := hˆ∗ ◦ (Adea)∗GO.
When we take an other identification h′ : O ∼= TxX preserving the orientation and an
element ea
′ ∈ CSpin0(V ⊕ V ∗) with
ΦSpin = e
a · h∗Φ = ea′ · (h′)∗Φ,
we have h−1eaΦSpin = (h′)−1e−a
′
ΦSpin. We can take e
a′h′h−1e−a is an element of
identity component. It follows from lemma 5-5 that
ea
′
h′h−1e−a ∈ H0 ∼= Spin(7)× Spin(7).
Hence
GΦx := hˆ∗ ◦ (Adea)∗GO = hˆ′∗ ◦ (Adea′ )∗GO.
Thus we have
Lemma 5-6. Let Φ be a generalized Spin(7) structure on X. Then there is a gener-
alized metric GΦ on X which is canonically defined by Φ.
A generalized metric GΦ yields an operator ∗ acting on differential forms with
∗2 = 1 and a generalized metric GΦ also yields a metric 〈 , 〉 on forms and we have
the adjoint operator d∗ which is given by d∗ = ∗d∗. By using adjoint operator we
have the Laplacian △Φ by △Φ = dd∗ + d∗d. (see [Gu2] for detail).
Lemma 5-7. Let ∧even− be anti-self dual forms of even type with respect to the operator
∗, so that is,
∧even− = { s ∈ ∧even | ∗ s = −s }.
Then the bundle ∧even− is the subbundle of the vector bundle E1Spin(X) = CL2 · Φ
proof. At first we will show the lemma for the form ΦSpin = 1− φSpin + vol8 on the
octernions O ∼= V . The action of g ∈ GL(V ) on forms is given by
(det g)
1
2 ρg−1,
where ρ denotes the linear representation of GL(V ). Hence for λ ∈ R, λ1 ∈ GL(V )
acts on ΦSpin by
λ4 + ΦSpin + λ
−4vol8.
By differentiating to λ we have that
(5-3-8) −1 + vol8 ∈ CL2 · ΦSpin.
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Note that the the Hodge star ⋆ is given by the ∗ operator,
(5-3-9) ⋆a =
{
+ ∗ a, a ∈ ∧0 + ∧1 + ∧4 + ∧7 + ∧8,
− ∗ a, a ∈ ∧2 + ∧3 + ∧5 + ∧6.
From (5-3-6), we see that
(5-3-10) ∧27 ⊕ ∧67 ⊕ (∧221 ⊕ ∧621)− ⊂ CL2 · ΦSpin,
where (∧221 ⊕ ∧621)− = { q + ⋆q | q ∈ ∧221 }. From (5-3-9) we have ⋆q = − ∗ q for
q ∈ ∧2V ∗. Hence q+ ⋆q = q−∗q is the anti-self dual form with respect to ∗. We also
have
gl(8)/spin(7) = so(8)/spin(7)⊕ {λ1 |λ ∈ R} ⊕ Sym0(8),
where Sym0(8) denoted the trace-free symmetric matrix which yields anti-self-dual
4-forms, so that is,
(5-3-11) ∧4− = { ρˆaΦ | a ∈ Sym0(8) },
where ρˆ denotes the differential representation of End(V ). Hence ∧4− ∈ CL2 · ΦSpin.
The anti-self -dual form of even type ∧even− is decomposed into there parts :
∧even− = (∧0,8)− ⊕ (∧2,6)− ⊕ (∧4−),
where ∧0,8− and ∧2,6− respectively denotes the anti-self dual 0, 8-forms and anti-self
dual 2, 6-forms. Hence from (5-3-8,10,11) it follow that
(5-3-12) ∧even− ⊂ CL2 · ΦSpin.
Every generalized Spin(7) form ΦV on V is given by k · ΦSpin for an element k ∈
CSpin(V ⊕ V ∗). Then the action of k on forms yields the identification,
E1ΦSpin
∼= E1ΦV .
Then the operator ∗ΦV with respect to ΦV is given by the adjoint action of k,
∗ΦV = k · (∗ΦSpin) · k−1.
We denote by ∧even
ΦV
the anti-self-dual forms of even type with respect to ΦV . Then
the action of k also induces the identification between anti-self-dual forms ∧even
−,ΦSpin
∼=
∧even
−,ΦV
. Then from ∧even
−,ΦSpin
⊂ E1
ΦSpin
we have ∧even
−,ΦV
⊂ E1
ΦV
. Hence we have the
result. 
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proof of proposition 5-4. Let Φ be a generalized Spin(7) structure on an oriented and
compact 8-manifold X with the differential complex #BSpin = {EkSpin(X), dk} over X .
It suffices to show that the map p2BSpin is injective. Note that E
1
Spin(X) ⊂ ∧even and
E2(X) ⊂ ∧odd. We have the Lapalacian △Φ : ∧even/odd → ∧even/odd with respect to
the generalized metric GΦ as in before. We denote by GΦ the Green operator of the
Laplacian △Φ on the manifold X . Let dα be a d-exact section of E2(X). Then by
using the Hodge decomposition with respect to △Φ, we have
dα = d(dd∗GΦα+ d∗dGΦα).
We define α− ∈ ∧even− by
α− = d∗dGΦ − ∗d∗dGΦ.
Then we have dα = dα−. It follows from lemma 5-7 that α− ∈ E1Spin(X) and it
implies that the map p2BSpin is injective. 
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